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Abstract

Within the context of the theory of stochastic phase spaces, introduced in some earlier
papers, a systematic mathematical procedure is developed for expressing quantum
mechanical observables as generalized functions on a stochastic phase space. The states
in such a theory are normalized, positive semidefinite, continuous functions of the phase
space variables, satisfying marginality conditions appropriate to the stochastic nature of
the underlying phase space. The action of a general quantum mechanical observable on
the state space is then shown to lead in general to formal differential operators of finite
or infinite order. Explicit computations of some typical operators are made to illustrate
the theory. As a useful practical application, the theory is employed to derive a Bloch
equation from which the Husimi transform of the canonical equilibrium state is then
computed, after expressing it as an infinite series in powers of .

1. Introduction

The procedure for calibrating any given measuring apparatus ¢ is intrinsi-
cally stochastic in nature, since it involves repeated comparisons between the
readings of that particular apparatus & and another apparatus &, which is
either chosen as a standard (such as the standard meter) or which has already
been calibrated. Thus, no outcome of the measurement of any single observ-
able A4 is ever exhaustively describable by a single number «, but rather a
probability measure u, has to be included in the description. This measure
embodies the calibrating procedure in the following way: If I denotes any
interval (or, more generally, Borel set) on the real line, p (1) is a measure of
the confidence that when the reading « is obtained with o7, the “actual value”
of A was within I—i.e., roughly speaking, if a totally random set of infinitely
precise values of 4 has been prepared by using the standard &/, then the
probability of obtaining with o a reading & equals uy{(J) when the prepared
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value falls within I (Naturally, the term “infinitely precise” warrants a careful
operational definition—cf. Prugove&ki, 1976b, Appendix, and the references
quoted therein.) We shall call the pair (o, po) a stochastic point on the real
line, and we shall say that & = (a, 1y ) is sharp if uo{{a}) =1, and that other-
wise it is nonsharp or fuzzy.

Let us note that conceptually a stochastic point & is distinct from a “value”
a even in the case when & is sharp, since even then it is the outcome of an in-
trinsically stochastic calibrating procedure, and the probabilistic statement
that “the value « has been measured with a 100% confidence margm is distinct
from the categorical statement that “the system has the value «.” In this con-
text, it is interesting to note that in principle a sharp stochastic point & can be
obtained only if « is an isolated value in the point spectrum of the observable
A, but that this is a necessary and not a sufficient condition. For example, no
actual measurement of a spin component is ever totally sharp, but can only be
made ‘““very nearly” sharp (cf. Prugovelki, 1977).

The above terminology is of little consequence, however, as long as a single
observable A is measured, and as long as it is believed that arbitrarily precise
measurements can be performed in principle. Indeed, the nonsharpness of actual
measurements is usually taken into account by standard reduction-of-data
procedures, routinely applied before inserting the raw experimental results into
any given theoretical framework. Furthermore, if p(}) is any given probability
distribution of sharp values of 4, then the probability distribution p(a) corres-
ponding to the stochastic points & is easily seen to be (Ali and Emch, 1974;
Prugovedcki, 1976a)

p@= | ptald)) .1
Rl

However, this situation changes drastically as soon as for some given observ-
able' 4 there is reason to believe that there is a fundamental (and not just
experimental) upper limit to the accuracy with which 4 can be measured (e.g.,
if there turns out to be a fundamental length in the measurements of position
of elementary particles), or if two or more incompatible observables are measured
simultaneously. In that case, there can exist probability measures on sample
spaces of fuzzy stochastic points that are not derivable from conventional proba-
bility measures on spaces of sharp sample points, as was the case in (1.1) (cf.
Prugovedki, 1976a).

A notable example of a class of measures that are not derivable from measures
on spaces of sharp sample points are those corresponding to the probability
densities pg(q, p) (cf. Ali and Prugovecki, 1977a, b},

pe(q,p) = k"N Tr[U(q, p)gU™(q, P)p) (1.2)

U(q, p) = exp (;;p' Q) exp (—%q : P) (1.3)

pQ=p101 +p202 + -+ pn0On; q-P=qPy+qoPyte - +qyPy (1.4)
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assigned to every density operator p describing the state of a spinless, non-
relativistic quantum system with N degrees of freedom. In this context the
generator g of the phase space representation is a positive operator of trace 1
which determines the confidence measures of the stochastic phase point (g, p),

7=(q, 1), P = x(q)dq' (1.53)
p=(r®),  »PAp)= X @)hap' (1.5b)

by determining the confidence functions ng) and x(zf)' of ¢ and p, respectively
(Prugovetki, 1976a), as follows:

X @ =x @ -9, xP@)=¢"gla"» (1.62)
X0 =x®'@' - p), X'@Y = lglph (1.6b)

Thus, p,(q, p) is interpreted (Prugovedki, 1976a, b; Ali and Prugovedki, 1977a)
as the probability density of obtaining the stochastic points ¢ and p as outcomes
of the simultaneous measurement of the position and momentum observables

Q and P on an ensemble in the state p (concrete measurement procedures of
this kind are discussed in Prugove&ki, 1976b). As might be expected, pg(a,p)

is not derivable from a probability distribution at sharp phase space points

(Ali and Prugove&ki, 1977a); however, it satisfies the following marginality
conditions:

[ reaprap= | x@) ¢ 0la"da’ (1.72)
&V RN
[ pe@pyda= [ xE@)V w1010 ap' (1.7b)
&Y N

which are in keeping with (1.1) and the fact that (¢'|plg'Yand {p'|p|p’) are
probability densities at sharp position and momentum values, respectively.
A particularly important case of representations (1.2) for p occurs when

2O = [y, $=(8182, -« SN, S, S, ..y >0 (1.8)
N .2

)= (ahs,) M exp |- —~ 5 xe RY (1.9)
v=1 2hs,

The resulting probability densities p,(s) (¢, p) are usually called Husimi trans-
forms (Husimi, 1940), whereas, in the context of the present interpretation,
they are referred to as I'e-distribution functions (Prugovecki, 1976b). Husimi
transforms have already proved useful in extending results in statistical mech-
anics from the classical realm to the quantum case (McKenna and Frisch, 1965,
1966; PrugoveCki, 1978c¢). Typically, this type of problem requires not only
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that quantum states be represented by the probability densities pg(g, p), but
also that expectation values of observables, the actions of the generators of
motion, etc., be represented in terms of objects directly related to the space
P(Tg) of probability densities on the stochastic phase space Iy,

In Section 2 we present a general method for assigning to an operator 4
in the Hilbert space # (and, in particular, to an observable) a function or, in
general, a tempered distribution 4z(g, p) so that the following equation holds:

Tr(4p) = | Aglq, p)osla. p) da dp (1.10)
r

Then, in Section 3, we extend this result by showing that a (formal) differential
operator A,(g) can be also assigned to 4 in such a manner that

A®py(q, p) = (Ap)e(a. D) (1.11)

The methods presented are applicable in general, but we illustrate them
primarily on the case where g is of the form (1.8). In that instance, as an
~ important special application, we use the derived results to obtain a Bloch
equation, from which the Husimi transform of the canonical equilibrium state
is then computed by expressing it as a power series in 7.

2. The #(I}) Representation Space

Let us denote by Ty the set of all stochastic phase space points (4, p),
q,p € R¥, with ¢ and p given by (1.5) and (1.6). We shall refer to Ty as the
stochastic phase space corresponding to g and shall designate by 2(I) the set
of all Ty"distribution functions (1.2) obtained as p varies over all densuy
operators in the Hilbert space #'= L*(R™). The family 2(I}) of probability
densities forms a continuous phase-space representation of quantum mechanics
on L2(RN) (in the sense of Ali and Prugove&ki, 1977a) if and only if the
mapping p > p,(g, p) satisfies the criterion of informational completeness, ie.,
if and only if it is one-to-one.

1t has been established by Ali and Prugovetki (1977b, Appendix A), that
informational completeness is present if and only if g ,(g, p) # 0 almost every-
where in I, where, in general, for any trace-class operator X, we write

X(a,p) = T [U%(q, P) X] (2.1)

Let L*(I") be the Hilbert space of all complex-valued functions on I" that
are square integrable with respect to the measure

dr=n"aqdp (2.2)
If we denote by f(g, p) the symplectic Fourier transform of f(g,p) € LXI):

Fa.py=1im. [ exp i@~ p' - p- O f@'PHAT  (23)
r
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then equation (A.12) in the aforementioned Appendix A is observed to be
equivalent to the statement that

"X o(q,0) = Ewla, P) X,n(q, p) (2.4)
where, as a generalization of (1.2), we set
Xe(q.p) =h~N Tt [Ulq, p)eU (. P)X] (2.5)
and the bar denotes complex conjugation. Setting g = X in (2.4) we obtain
8. p) =&¢(a,p) = "V igwla, ) (2.6)
so that, by informational completeness
glg.p)>0 (2.7)

almost everywhere in I, 5
Noting that the inverse symplectic Fourier transform of f (g, p) satisfies

f@.p)= [exp lifnta- p'—p- aNF@\p)aT" (2.8)
r

we easily establish that X,,(g, p) in (2.1) coincides with the symplectic Fourier
transform of the Weyl transform X,,(q, p) as defined by Pool (1966). Since the
symplectic Fourier transform preserves the norm in L%(I'):

Ifle =171, 1l = | 17, p)I>dT 2.9)

T

and therefore it is one-to-one, we conclude that the following holds true.

Theorem 2.1. If the mapping p — p,(g, p) is informationally complete,
there is a one-to-one mapping pg(q, p) > p (g, p) of Z(Iy) onto the
space 2,,(I") of all Weyl transforms of density operators, so that the
corresponding symplectic Fourier transforms Eg(q, p)and p,,(g, p)
satisfy (2.4).

Since any Hilbert-Schmidt operator X can be recovered from )?W(q, r)
(Pool, 1966) by setting

x= [ U@.0)%,(@.p)dT (210)
T

where the convergence of the above Bochner integral is in the weak operator
sense, we observe that for any given stochastic phase-space representation
P(T), the density operator p can be recovered from the corresponding T-
distribution function p,(g, p):

p= [ U@ 0)bea. p)leula.P)) " dadp @.11)
r
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Using the convenient notation

fa.p) =f(~4,-p) (2.12)
and taking the symplectic Fourier transform of both sides of (2.6), we obtain
£(a,p) =™ (g + w) (@ 1) = 2(~4, —P) (213)
where the asterisk denotes the convolution:
(F*0)@.0)= | @' p)ea - ¢'p - p)ar’ (2.14)

Since we easily obtain from (2.1) that | X,,(g, p)| is an even function of ¢ and
p, we arrive at the conclusion that both g(g, p) and g(g, p) are even, positive
semidefinite, and continuous functions.

Another feature of the generator g that we shall need in the sequel is the
differentiability of g(g, p). Writing in accordance with (1.3) and (2.1)

£@p)=Tr [exp (~ Lp Q)gexp (%q P)] @.15)

and assuming that in the spectral decomposition

g= 2 lephlejl, 2 A=1, A=0 (2.16)
i=1 i
all the elements of the orthonormal basis ej, e,, . . ., are in the domains of
definition of
k _ pk K 1_
P* =Pyt PyN, Q'=0¢--- Q¥ (2.17)

we conclude that

gl e 1R+ . ; - ; .
Wgw(q,p)-(—l) 7 T |exp —gp-Q Q'gP" exp 74
(2.18)

and therefore, that the partial derivatives of g(g, p) also exist.
Now we turn our attention to proving that a representation 4, (g, p) satisfy-
ing (1.10) exists for any observable 4. For that purpose we introduce the space

7 (®*") = {&ula.0)f @, p) IF € (@)} (2.19)
of test functions obtained by letting f vary over the Schwartz space & R ).
We equip & g(RzN) with the natural topology induced by the mapping
=g, f (.e., the topology under which this mapping is a homeomorphism).
Similarly, we denote by Epg(RZN) the space of test functions f which are the
symplectic Fourier transforms (2.8) of f € &,, and we equip g with the
natural topology induced by this transform.
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Theorem 2.2. To every operator A on LR’ ), which is either bounded
or unbounded and symmetric with domain containing #(R* ), corres-
ponds a unique distribution Ag(g, p) on yg(RzN) for which

6149)= [Ay(q,0) X" @@, p) dg dp (2.20)
whenever the function
X3 (q.p) =19 | Ulg, p)eU*(@ ) V) (221)
belongs to Vg(RzN },and in particular if ¢, y € LR ). Further-
more,
Agq,p) = [Ew(@,2)] "A(@:P) (222)

where, in general, /?W(q, p) is a tempered distribution on y(REN )
and in particular, if 4 is Hilbert-Schmidt 4,, € LA(R*") and Ag(q,p)
is an almost-everywhere-defined function. If 4 is symmetric, the
distribution 4,(g, p) is real.

Proof. To prove the first part of the theorem, we note that in view of the
linear isometry (Pool, 1966) between the Hilbert spaces of the set of all
Hilbert-Schmidt operators X, and the set of their Weyl transforms X,, (g, p),
if 4 is a Hilbert-Schmidt operator, then for any ¢, ¥ € #[= Lz(RN)]

(pldvr=tr[d ¥y Xel]

N . i
= [Ay(-q.-») X% (@.p) exp (%q : p) ar - (223)
r

bl

where, in accordance with equation (2.1),

X2¥ (@, 0) =01 U@, p) > (2.24)

In obtaining (2.23) we have used the definitions of the scalar product on L*(I")
and that of two Hilbert-Schmidt operators, and the fact that if X™* is adjoint
to X, then

Xia.p) = Xu(~q, —p) - exp (—%q ‘ p) (2.25)

By Cressman (1976), (2.23) may be extended to the case where A is any operator,
bounded or unbounded and symmetric, with domain containing #( R ™). In that
case A,,(g, p)isin general a tempered distribution, and ¢, Y have to be chosen so

that 0¥ e F(RM)—ie., sothat ¢, y € #(RY). Upon using (2.24) in (2.23)
we get

(9149)= [ A (0. —2) Eula I T2 Y @,1) - exp (%q - p) dqdp (2.26)
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where now XV € P (R*M). Using (2.25) and the fact that g = g ¥ we may
rewrite (2.26) as

(614> = | A (~q. -p)X{ “(a. P)da dp (227)
where we have set
Ap(a.0) = (8@ p)] " Aula.p) (2.28)
Since 4, is unique, it follows that Zg is indeed a unique distribution on

F g(Rzﬁ ). Finally, upon using the definition of the symplectic Fourier trans-
form of a distribution,

f Ay(~q, —p)f(a.p)dg dp = ng(q, p)f(4,p) dqdp (2:29)

[which is easily checked to be in agreement with Parseval’s inequality when
4. L22 R2M)], we obtain (2.20), with Ag in general a unique distribution on
L ¢(R™).

To prove the reality of Ag(q, p) when 4 = A%, we note first that if
€ P(R?*Y), then using an extended version of (2.10) and the uniqueness
of the distribution X, we have

f??‘f (.p)fla,p)dqdp = Ff w(—4, —p)exp (— -;;q- p) “fla,p)dqdp (2.30)

in analogy with (2.25). Hence setting X = 4 = A¥ and taking f in ?g(RZN)
we get, using equation (2.28),

J*’Zg(q’p)f(q’p) dgdp = fﬁw(,_q, —p)[Ewla. p)] ™ exp (— %q : p)

x flg,p)dqdp (231
On using (2.25) in (2.31) we get

f Ayq,p)fa.p)dqdp = fzg(_Q: -p)fig.p)dqdp (2.32)

Equation (2.25) is easily seen to imply that for f€ F (R 2Ny and f positive,

[ 45@.0)1a.p) dadp = | A(a.p)/(@-p)da dp (233)
|
As an example of a Ip-distribution function, let us consider the (1)
representative of the canonical state

1
B =z4e = 2.34
0 ge ™, 8 T (2.34)

Zg=Tre ¥ (2.35)
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where g is given by equations (1.8) and (1.9) and H is the N-dimensional
anisotropic oscillator Hamiltonian

N
1
H=3 21(1’3 + 00,7 (2:36)
V=

In that case the Weyl transform of p®) can be computed explicitly (Emch,
1976):

Wy 1 H
oD@, p=1 exp{ Gu(ﬁ—z gt + J—ﬁ—éppz) - z—hqppv] (2.37)
12

r=1
8, = coth (B_‘;”) (2.38)
Since it is easily established that
0. p) = H exp L g”—z-kszp2 L (2.39)
o prs SVZ v Py 2h%)pv .
we obtain by (2.4) and (2.8)
2
(ﬂ) ( -V CIV Dy
q,p)=7 e o 240
Ps® ﬂ oo ( ot 0% (240
g ; h
Oy = hs,? + -, 0%,) =t 8oy (2.41)
Wy Sy

It is also interesting to note that

N

- - 1 qu

290 =rN I exp|— —| = +5,2.2) | =¢W@p) (242)
v=1 Zh A

V

3. The #(Uy) Representation of Superoperators

The distribution A,(q, p) enables us tp compute directly within the 2(Iy)
formalism the expectation value (4}, in (1.10) for the observable A. However,
occasionally the action of the superoperators 4;, 4, and Aonp

Aip=Aps Arpsza Ap=2{Asp} (3‘1)

can be of independent interest, as we shall see later on when we discuss the
Bloch equation. Furthermore, to deal with the Liouville equation

19/t p(z) = Ho (), Ho =%7'[H, p] (3-2)
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directly within the #(I',) formalism we have to be able to express the action
of the superoperator —H on p in terms of a Liouville operator LE actmg on
pg(q,p) in such a manner that

L® py(q,p) = —iTr [Ulg, p)gU™(a, p)(Hp)] (33)

The manner to proceed is by noting that in accordance with (2.4) and
2.8)

(49)(a-p) = | exp [~ ;i(q’- p-p" q)] Zula’ D) (p)ud.p)dg' dp’ (34)
r

Upon using the easily verified relation

(A0)u(a.p) = [ exp [—é— 4'(0 ~ p)| Aw@' P VAW - ¢'p — p)AT" (3:5)
r

which is to be interpreted in an appropriate distribution theoretic sense, (3.4)
yields

AB0¢(q.p) = (Ap)ela,p) =™ [exp %(q Pr—Pa) - ~qz(p1 p2)

X Zow(q@1 DDEWNG2s P2 8w (@1 — 42,01 — P17

x A(q, PYPg(@y — 420 P1 — P2) dq1dq2 dpy dps (3.6)

To exhibit A(g) as a formal differential operator (of finite or infinite order)
we shall assume throughout this section that both g,(g,p) and [2(g, p)] ! are
boundary values of entire analytlc functions in 2V complex variables. For
example this is the case with g as in equation (1.8), for which §,,(s)(q. p)
is given by (2.39). As a matter of fact, since by (2.18) the coefficients ay; of
the Taylor expansion of g,,(g,p) atg =p = O are

—Il {k+1}
ay = ;!Zﬁ <%) Tr(Q'gP") G

we see that there is a large class of representation generators g satisfying this
requirement.

With this restriction in mind, we notice that the right-hand side of (3.6)
involves symplectic Fourier transforms of expressions of the type

h=fh, (3.8)

where /2 and h; are in general distributions on i ¢ and f'is the boundary value
of an entire analytic function. In case A, is itself a function on I, the product
distribution % becomes simply another function / en I, and we may write

h(q,p) = fa,p)h{q.p) (39
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Furthermore, f has the Taylor expansion

f@.p) =2 caq"s (3.10)
k,l
q“=q%qk?--- g, pl=pipP--- DI (3.11)
Let us formally write
3 9 S+
2.2 s s (3.12)
f(aq ap) kZz “aq*op’

in the obvious standard notation. We shall then write the symplectic Fourier
transform /4 of the distribution 4 in the form

~ ] 3\~
h=flih—s ~ih— 3.13
f(l » z aq)hz ( )
Actually, taking a bit of liberty with the notation, we shall write
~ N R B
g, p) =flih —>~ih—| h1(q.p) (B.14
op dq

For many functions /; (e.g., when 1, is a polynomial in g, p) f(i(3/dp),
—1(3/9q)) can be considered to be a standard differential operator. Otherwise
we shall interpret the right-hand side of (3.14) as being simply the symplectic
Fourier transform of the distribution A

Using the notation introduced in (3.14), equation (3.6) may be put in the
compact form

AP (;71 5%) P5(@,P) = (Ap)(a, D)
=1V exp {-m (é% %) n] Zw (—iﬁ % iﬁég)
x [gw (ih %’ ~i 53) Ag(q’P)}
x [gf;‘ (fﬁ 5?-0 w-iﬁé%) pg(q,m] (3.15)
where for two functions f,gon I

exp {—iﬁ (_a, 3) }f(q,p)g(q,p)

op 94/ 1
9 0
= exp (- ma_p, : a_&;) f@1,p08(22,02) |, ~@2-q (3.16)
pPi1=pP2=pP
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An expression similar to 83 .15) has also been obtained by Agarwal and Wolf
(1970). The operator 4; (®) which formally resembles a differential operator may

now be written as

3 9 2 8\ 1= 9
PICY R T e A N 2,
! (aq' Bp) EXP{ m(ap atz)n}g ( e q)

il s 1 s 17
gw E i a Agld, lla 1 3
and similarly,

2 0 G 3 _ 9
A@1 2, ] = oy e il s {7 e
’ (aq Bp) eXp[ (ap aa) 21] ‘”( op aq>

0 ) b 2
[gw(sﬁa »~z?’za )Ag(q,p)} (;‘15- —if ) (3.17b)

Thus the operator L& introduced in (3.3) becomes

3 0 F} 9 9 o 90
() - _ nl == _ —Hl=, =
L (aq 5 ) ﬁ{expl i# (ap BQ)IJ exp[ it (ap aq)ﬂ”

tl

oq

0 )
xZ 3 ih —> —in —) (3.18)
/4
and finally,
1 o 0
AD 9_?_ =_lexp | —ih ii texp | | —>s —
og ap) 2 \dp 9q) 12 op 09/ 2
0 2 L0 9
xZ, (—-zh 5}—)’#‘18 ) [gw (lﬁ-a;’ —még) Ag(‘l’l’)}
=4(.,0 0
xg}! (lh 5:23 —ih —) (3.19)
where we have defined the operator A® as

A®% (g, p) = Tt [U(q, p)eU™(a. p) Ap] (3:20)
with A as in (3.1).
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Equations (3.18) and (3.19) look somewhat complicated. However, in
specific instances the expressions collapse into fairly simple forms. In this
connection, it is instructive to study examples where the operators A® gre

polynomials in 8/dg and 8/dp. For this purpose it is useful to rewrite (3.19)
in the form

3 2 1 2 > 2
AOf—, pelg, p)=—1exp{—ih— —texp|—ifi— —
(aq 8p) ¢ 2 a1 g, Iy 0qy

Z O Pl i (il
XZ N —ih— —ih—ih— +i s> —i
v D, op, 09,  0gy Bw aPl 9y

y 0
X gw1 (lﬁap > ——171 )Ag(fll,l?l)ﬁ’g(‘h, p2) q1=q2=9
2 p1=p2=p
(321

where use has been made of the fact that if fand g are two functions on I
then

q
P =p2=p

a3 a\"
[f(q,p)g(q p)l = (5-—1+ 55) fayp)e@prdl, - -y (G229

and similarly for 8"/3p".

Consider now the case where g,,, is the one given by (2.39), and Aglq, p)is
a. polynomml in ¢ and p. Then it is easy to verify that (writing A® for
A 4 for Ag(s),etc)

o d 1 ihfo o 3 3
A® g”g“)ﬂs(%!’)"‘ 3 EXPl sl o
q op 2\0q; dpy Op; 9q,
info 3 o8 @
t+exp| —— ——
2 6q1 s m aClz

h(l o , 9 1a 8 ,0 a)]
X exp 5SS gt s — - —
sop’  dq Py dpy gy da

X Adq1,P1)0s(q2:P2) la1 =q2 =4 (3.23)
P1=pP2=D
where
2 N 82
1 9 1
- — = — (3.242)
$2 pz szl s,,z ap,,2
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N

3 3 3?2
o (3.24b)
0q; 09, 09,10q 12

v=1

etc. Thus, since 44(g, p) is assumed to be a polynomial, we get

3 0 1 nil 3° 32
A =, Z)Adg, p)= —exp| ~[= — + 5% —
(aq ap) S(q p) 2 p[z(sz ap12 aq]z

y +z’ﬁ8+fés28 o % 9
X o ——3 ettt S
N 350, 7 3, P T 2 0q, 25 o

in 3 A 3 D A D
A\ i~ pyt ot o
29, 2 9, 204, 250p,
x bs(q2:P2) a=ar=q (3.25)
by=p2=p

where by an expression of the type (f5%/2)(8/3q), inside the second square
bracket we mean a vector differential operator with components (#5,%/2)(3/9g,)
and so on.

Consider the case where 4 = (,,, the position operator, Then, using the
formal relation

Tr[U™g,p")Ulg,p)] dT =8(q —q’,p — p)dqdp (3.26)
it is easy to verify that

Ed

" d
Ay (q,p)dl'=in P, 8(q,p)dqdp (3.27)

so that

Adq,p)=q» (3.28)
and hence, on using (3.25),

#s,2 B
QW =g, + _21 0 (3.292)
v

Similarly, for the momentum operator P, we get

R 75,2

PISS) =Dv ) 3_1;
v

(3.29b)
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From the form of (3.25) it is clear that A%)(3/3g, 8/dp) is a polynomial in
q.p, 3/8q, and 8/dp, as is seen for example from equations (3.29), or, for
example, from the corresponding expression obtained for the free Hamiltonian

N

P
Hy= p = (3.30)
v=1 2m’)

in which case (cf. Prugovecki, 1978b)

N
2y 1 ) ﬁ2 9 92
H = P, %, C e 331
8 z [zmv 25,2my \ 2 br opy va Su4 ¥, aq2 ( )

v=1 v

We observe that the leading term on the right-hand side of equation (3.31),
containing no powers in 7%, coincides with the classical kinetic energy

N
py*
0 Vz::l 2m,,

and indeed this same feature is also shared by the expressions for Qg,s) and Pg,s)
in (3.29). On the other hand, if 4 is an operator for which A((g,p)isnot a
polynomial, such as for example an mteractlon given by a general potential
V{(x), it will no longer be the case that AWisa polynomial in ¢, p, 3/0g, and
a/0p. If ¥V (x) is an entire function, then the corresponding interaction Harmil-
tonian operator H(s) on#(Is), and the Liouville operator L} D= _; Hl(, S are
going to be dxfferenual operators of, in general, infinite order (Prugoveékl
1978a,b). If, however, ¥(x) is not an entire function, then Hj () and L(s)

only be represented as integral operators (Ali and Prugovedki, l977b Appendlx
B).

4. The Bloch Equation for the Z(I'y) Representation of Canonical States

In Section 2 we could perform the explicit computation of the T,~distribu-
tion function (i.e., Husimi transform) of the canonical state o) due to the
simple form of the chosen Hamiltonian (2.36). In general however, one has to
rely on perturbational methods in order to compute p A q.p). The method
we adopt in this section is in essence the same as the one used in similar
computations of the Wigner transform, i.e., it coincides with the approach
initiated by Wigner (1932) and Kirkwood (1933), and perfected by some other
authors (Saenz and O’Rourke, 1955; Oppenheim and Ross, 1957). It consists
of computing in the expansion

1O =exp (—BH) = exp (—BE)[1 +7x,(f) +A%xa(B) + -] (4.1)

p 2
E(q.p) = 2—;7 +V(q) 42
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the terms x;(8), x2(8), . . . by iteration, thus obtaining for 1P as well as for
the partition function Zg, approximations to different orders of 7. The method
is considered reliable at high temperatures. Alternative methods, such as
expansions in powers of the interaction term (Chester, 1954), can be adapted
with equal ease to the present case.

For a system of N/3 (nonidentical) particles enclosed in a vessel of volume
¥, we can use the definining formula (1.2) for 7® to recast its #(T) represen-
tative into the form

IB@py =N 11®e)y, e =U@.p) e  (43)
and then compute I = [é@) explicitly. We obtain
N
ﬁﬁ -1/2 p 2
I¥@,p) = 1+ exp | —f ——— 44
s @q.p) H{ 5 p 62m,,+ﬁfz/sy2 (44

2mysy

where g is essentially restricted to the interior of the vessel. The corresponding

partition function is
N

2am,\ V2
23=[18q.p)dqdp =" ﬂl (——ﬁhz”) (45)
=

and we note that in the limit s, - o, namely, for stochastic points that are
sharp in momentum, we recover from

2 (q,p) = I8P (q, )/ Zs(q, P) (4.6)

the classical expression for the I'-distribution function of a canonical system
of noninteracting particles, i.e., the Maxwell distribution:

N 1/2 2
® = o =N/3 8 AN
oB,py=v H(Zﬂm) exp( 522%) “.7)

In the presence of interactions, we use the Bloch equation reexpressed in the
P(L) space,

0
551%,;:) = -HO1¥)(q,p) (4.8)

as 2 means of computing successively the 2(I) representatives xo(q, p: 8),
a=1,2,...,of the different terms in (4.1). Indeed, writing

1¥(q, p) = exp[BE(q. )] x(a,P; B) (4.9)

HO =g +aH® +2H +- - - (4.10)
with H® obtained from (3.21), we obtain from (4.8)

g_)éz exp (BE) (R HSS) +h2HgS) +--yexp (—BE)X 4.11)
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Expressing both sides of (4.11) as power series in #, and equating their co-
efficients, we arrive at a system of coupled differential equations that can be
solved in succession. For example, the first two of these equations are

a;;% exp(BEYHS exp (—BE)=0 (4.12)

aa? +exp (BEYHE exp (BE ), = —exp (BEYHY exp (-BE)  (4.13)

In order to arrive at a power series expansion (4.10) for H(s), we make the
same technical assumption as in the Wigner transform case (Wigner, 1932),
namely, that the potential V' (x) is an entire function:

)= 3 " : o
V@) = 2 Va@x-q)" Va= .
( 2 W @) q) n nyl - ml aqilu R aqjl\';]\j ( )

The successive computations of Hﬁs), H(ZS), .. . then become a laborious but
straightforward task based on the iterative formulas (4.4) of Prugovecki (1978a).
For example, in the first order of # we have

i ov o 13*v
HO = Z R Y 14 _—7)} (4.15)
v m,,s opy aCZu 6qy 2 9qy

Consequently, solving (4.12) subject to the boundary condition x;(g,p) =0 in
the limit 8 — + 0, we obtain

, 3%V p? av\?
xi(g,p) =~ — |+8 +sy —
I( ) Z { (musv anB) {szmuz ( 7 aqy
In the second order, taking 5, = - - - = 5y we obtain
1 2 2 2 2 2
Hgs)zgz 1 1 a _6_+£z *V o 8 ] 3 0
v my $1 ap og,2] 4 prap 09,99y 9q,0py Opudpy

4 3 4 4 2

o°V 0o 1 9%V 3 o°V 9

5 ( 3__+w—-z)+j— _S_ — — (@17
8 4« \3g,’ 0g» 4 0q,') 8 T, Ba,°0q, 0qu

and the respective correction x, is of corresponding complexity. However,
the computation of the partition function Zg requires that x be integrated
over phase space. As a result, terms that are linear in derivatives of V can be
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integrated by parts, and therefore some simplifications can be achieved. For
example, to the first order in %

% 1 2
Zﬁgj[l —B—Z ( -5 2)] exp [-BE(q,p) dqdp (4.18)

mys,2 Sy My

It is interesting to note that in contradistinction to the Wigner-transform
method, which seems to give a zero contribution in the first order of # (Wigner,
1932; Landau and Lifschitz, 1958) the present Husimi-transform first-order
correction does not vanish. That this has to be so is easily confirmed in the
limit V'(g) — O by taking the explicit expression (4.4) and expanding it in
powers of S#. This discrepancy between the expansions in # based on the
Wigner and Husimi transforms, respectively, appears to mark this particular
technique since it occurs also in the context of computing quantum correc-
tions to the classical I'-distribution function of a Brownian particle (cf. McKenna
and Frisch, 1966 vs. Resibois and Dagonnier, 1966). Certainly, this matter
deserves further consideration.
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